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0. INTRODUCTION
Throughout this paper, let p be a fixed prime number and let F be thep
prime field of characteristic p. We assume that all Witt group schemes are
w x w x.with respect to this p Dem , DemGab and all rings are algebras over
F . The purpose of this paper is to study the forms of Witt group schemes.p
The motivation for our work comes from the following aspects:
1. Witt group schemes can be defined over any algebra over F andp
play a crucial role in the theory of commutative unipotent group schemes
 w xand finite group schemes over a perfect field of char s p see Dem ,
w x w x.DemGab , and Serre ; but
2. over a non-perfect field, the Witt group schemes cannot describe
w x the category of the commutative unipotent group schemes Sch Takeuchi
.made a correction and a generalization of Schoeller's work .
3. among the commutative group schemes whose underlying schemes
are affine spaces, Witt group schemes are typical in the following sense:
their Verschiebung morphisms are clear and any two of them have good
relations; and
4. the structures of the forms of vector group schemes over a field or
w x w x w x w xa discrete valuation ring are well known Rus , KMT , WatWei , Li , and
w x.Lib .
To begin with our work, we first fix some notations and definitions.
 .  .We denote the set of all integers resp. positive integers by Z resp. N .
For any ring R, R* means the set of all invertible elements in R; for any
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 . w  .x n g N, M R GL R indicates all n = n matrices resp. all n = nn n
.invertible matrices with entries in R. The ¨ indicates the inclusion or
equivalently injective map.
 .For any scheme S, we denote by W W the Witt group scheme of an, S `, S
 .finite length n resp. of the length of infinity ; for each n g N, we indicate
 . nthe n-dimensional vector group scheme resp. affine space over S by Ga , S
 n .resp. A . If S s Spec B for some commutative ring B, then we writeS
 n n .  n n .W resp. W , G , and A for W resp. W , G , and A . As wen, B `, B a , B B n, S `, S a , S S
know, the three terms, the one-dimensional vector group scheme, the
additive group scheme, and W , indicate the same thing.1
 .For any affine scheme X, we denote by o X its coordinate ring, i.e.,
 .X s Spec o X . Let X and X be two affine schemes and g be a1 2
 .morphism from X to X . We denote by o g the corresponding ring1 2
 .  .morphism from o X to o X . If G is a group scheme, G indicates its2 1
underlying scheme.
Let A be a commutative ring containing F . Without confusion, wep
always use f n to represent the morphism from A to A defined by
n . p n  n .f a s a for n g N. For any scheme X over A, we denote X m f , AA
by X  p
n.. Suppose that G is an affine flat commutative group scheme over
A. Then there exists a group morphism from G p. to G that is called
w xVerschiebung morphism DemGab . We always indicate this morphism by
w x pn . We define a ring A F by Fa s a F for a g A. It is obvious that bothG
w xthe terms left A F -module and commutative p-Lie algebra over A have
w x w xthe same meaning Jac . For a left A F -module M and n g N, we define
 p n.  n.  p n. w xM s A, F m M. Then M is still a left A F -module in anA
obvious way.
w xFor any commutative ring B over F , the ``B F -module'' in Section 1p
w xalways means the ``left B F -module'' and in Sections 2, 3, and 4 always
w xmeans the ``right B F -module.''
Let A be a commutative ring containing F . If H is a group schemep
 .  .over A, we define p H s Hom H, G , which is a commutative p-A a , A
Lie algebra over A. Conversely, for any commutative p-Lie algebra M,
 p. .we always denote by U M its universal enveloping algebra over A
w x w x w x.DemGab , Li , and Lib ; it is in fact a Hopf algebra over A. We denote
 .the corresponding group scheme by u M . Let A be an integral domain
containing F with fraction field K. We indicate an algebraic closure of Kp
by K and the integral closure of A in K by A. For n g N, define
yn n yn ynp p p p 4K s x g K N x g K , A K l A.
Now let S be a scheme. Suppose that G and G9 are two group schemes
over S. We say that G9 is an S-form of G provided that there exists a
faithfully flat and quasi-compact morphism S9 ª S s.t. G , GX asS9 S9
S9-group schemes. Assume that H and H9 are two schemes resp. sheaves
.of modules or group schemes . If there exists an open covering of S, say
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 4 XS , s.t. H , H for i g I, we say that H is locally isomorphic to H9,i ig I S Si i
or equivalently H is locally a trivial form of H. Let A be an integral
domain with fraction field K and G be an affine flat group scheme over
A. We say that G is a model of G .K
DEFINITION 0.1. Let A be a commutative algebra over F . It is calledp
an F-ring, provided that A is integrally closed domain and the injection
py1  .map A ¨ A is flat. If furthermore, the Pic A s 0, we call A an
FP-ring.
As for the basic examples of F-rings, we have the following lemmas.
LEMMA 0.2. If A is a regular ring o¨er F with the Krull dimension F 2,p
then A is an F-ring.
w xProof. First we can assume that A is local Mat, Chap. 2 . If the
dimension is 0, it is a field; if the dimension is 1, it is a discrete valuation
ring. In these cases, A obviously is an F-ring. Now let the dimension of A
 :  :be 2. Choose a g A s.t. a is a prime ideal of A and A s Ar a is a
w x py1 py1discrete valuation ring Mat, Chap. 7 . We claim that A raA , as an
y1p wA-module, is torsion-free and hence flat. Then A is flat over A Har,
x w x.Chap. III, Lemma 10.3.A , Bour, Chap. III, Sect. 5 . Indeed, let x, y g A
py1 py1 p p  :s.t. xy g aA . Then x y s a z for some z g A. If x f a , since A
y1 y1 y1p p p pw x  :is a UFD Mat , then y g a . Hence y s 0 in A raA . This
proves our claim.
LEMMA 0.3. Let A be an F-ring. Then the polynomial algebra of any
number of indeterminates o¨er A is an F-ring.
Proof. Let E be a polynomial algebra over A with a set of indetermi-
 4 wnates x . If A is an integrally closed domain, then so is E Mat, Chap.i ig I
x py17 . Note that the injection E ¨ E is the composition of the following
w py1 4 x w py1 4 x py1two flat morphisms: E ¨ A x and A x ¨ A mig I ig I Ai iy1pw 4 xA x . Hence E is an F-ring.i ig I
LEMMA 0.4. If X s Spec B is a smooth integral scheme o¨er a field k of
char s p, then B is an F-ring.
 .Proof By W. Messing . It suffices to prove the following statement:
 . py1for any P g Spec B, there exists an element b g B _ P s.t. B is flatb
over B .b
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Let P g Spec B. Then there exist an affine open neighborhood of P,
say Spec B , and a commutative diagramb
t 6Spec B Spec kb 6
,g h6
nA k
where t is the structure morphism, g is etale, and h is the canonical
w xprojection GroDie, Chap. IV .
n w x n y1  py1 .w py1 py1 xpWrite A s Spec k x , . . . , x and A s Spec k x , . . . , x .k 1 n k . 1 n
 . py1 n y1pLet g 9 be the morphism from Spec B to A induced from g, i.e.,b k .
 . py1 .   . .. py1 w xo g 9 a s o g a for a g k x , . . . , x . Then g 9 is an etale1 n
w xmorphism. By Lemma 0.3, the natural imbedding k x , . . . , x ¨1 n
 py1 .w py1 py1 xk x , . . . , x is flat. We indicate by q the corresponding mor-1 n 1
n y1 n  . py1pphism A ª A . Similarly, let q indicate the morphism Spec Bk . k 2 b
 . py1ª Spec B induced by the natural imbedding B ¨ B . Then web b b
have the commutative diagram
y1 g 9p n6 y1pSpec B A . 6b k
6
6
p1
r
qq X ,12
p2
66 g n6 ASpec B kb
 . n y1n pwhere X s Spec B = A , p is the canonical projection, and r isb A k . ik
 .given by q , g 9 . Then p is etale because g is etale. Note that g 9 is etale;2 1
 .hence r is etale. But p is flat since q is flat ; therefore q is flat.2 1 2
For FP-rings, the basic examples are any field of char s p, any polyno-
mial algebra of a finite number of indeterminates over a field of char s p,
and any local F-ring.
This paper consists of four sections.
In Section 1, we study the forms of vector group schemes, especially the
forms of the additive group scheme. This section generalizes some results
w x w xin Li and Lib . Our main result in this section is
THEOREM 1.9. Let A be an FP-ring and let G be a form of the additi¨ e
group scheme o¨er A. Then either G s G or G can be expressed as aa , A
2 w xclosed subgroup scheme of G s Spec A x, y with ideal generated by ana , A
equation
y p
n s x q a x p q ??? qa x p r ,1 r
where a , . . . , a g A with some a f A p.1 r i
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In Section 2, we study the forms of the Witt group schemes with
dimension G 2. In this section, we first describe the forms of Witt group
schemes from different points of view and then study the forms of Witt
group schemes over a field. We prove
THEOREM 2.4. Let A be an integral domain containing F and let G o¨erp
A be a form of W . Then the following two conditions are equi¨ alent:n, A
1. G s W ;n, A
2. there exists a composition series of G,
0 - G - ??? - G s G,1 n
whose quotients are isomorphic to G .a , A
If we further assume that A is an FP-ring, then the abo¨e conditions are
equi¨ alent to:
n3. G s A .A
THEOREM 2.5. Let A be an F-ring and let G be a group scheme o¨er A.
Then G is a form of W iff locally G py m , W py m for some m g N. Ifn, A A n, A
we further assume that A is an FP-ring, then G is a form of W iffn, A
G py m , W py m for some m g N.A n, A
THEOREM 2.8. Let A be an F-ring and let G be a group scheme o¨er A.
Then G is a form of W iff there exists a unique composition seriesn, A
0 s G - G - ??? - G s G0 1 n
such that:
 .1. G rG is a form of G i s 1, . . . , n and1 iy1 a , A
 . p.2. the Verschiebung morphism of GrG , n : GrG ª GrG ,i G r G i ii
has the factorization
t .  .p p6GrG GrG .  .i iq1
66
nGr G Xi
e6 G rGGrG ny1 ii
for i s 0, . . . , n y 2, where t is the natural projection and e is the natural
injection.
COROLLARY 2.9. Let k be a field of char s p and let G be a form of
W . Then under one of the following conditions, G , W :n, k n, k
1. G , W for some separable field extension l of k.l n, l
2. k is a perfect field.
In Section 3, we consider the models of the forms of W , where n ) 1n
over a discrete valuation ring A. We assume that Fr A s K and the
residue field of A is k. Then we obtain
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COROLLARY 3.2. Let G be a smooth group scheme o¨er A. If G and GK k
are forms of finite dimensional Witt group schemes, then so is G o¨er A.
In Section 4, we consider the existence and uniqueness of some kinds of
forms of Witt group schemes. First, over an FP-ring A, we study the forms
of W and construct all forms of W of height 1. Then we prove2, A 2, A
THEOREM 4.4. Let A be an FP-ring and let H be a form of G of heighta , A
1. Then for each n g N, there exists at most one form of W of type H.nq1, A
For the definitions of ``height'' and ``type,'' see the following sections.
1. THE FORMS OF THE ADDITIVE GROUP
In this section, we study a class of forms of vector group schemes over
an F-ring.
DEFINITION 1.1. Let A be a commutative ring containing F and let Mp
w xbe an A F -module.
1. If there exists a faithfully flat algebra extension B of A s.t. M isB
w xa free B F -module of finite rank, we call M a form of some free
w xA F -module of finite rank.
 .2. If in 1 , we further assume that B is the direct sum of a finite
w xnumber of A , where a g A, we call M a locally free A F -module ofa ii
finite rank.
PROPOSITION 1.2. Let A be a commutati¨ e ring containing F . Then thep
 .  .functors G ¬ p G and M ¬ u M are anti-equi¨ alences between the cate-
gory of forms of ¨ector group schemes o¨er A and the category of forms of free
w xA F -modules of finite ranks.
Proof. Let A [ the category of the forms of vector group schemes
w xover A and B [ the category of the forms of A F -modules of finite
ranks. For G g A, let A ª B be a faithfully flat algebra extension of A
n  .  . w x w xs.t. G s G . Then p G s p G Lib, Lemma 1.5 is a free B F -B a , B B B
 .module of rank n, i.e., p G g B. Conversely, for any M g B, let A ª C
w xbe a faithfully flat algebra extension of A s.t. M is a free C F -module ofC
 .  . m w x  .rank m. Then u M s u M s G Lib, Lemma 1.3 , i.e., u M is aC C a , C
m   ..form of G . For H g A, N g B, we claim u p H , H anda , A
;   ..  .N ª p u N . Let H s Spec D. We have p H ¨ D. Hence there exists
 p.  ..   ..a morphism U p H ª D, i.e., H ª u p H . As we know, this map is
w xcompatible with base extensions Lib . We let A ª A9 be a faithfully flat
algebra extension s.t. H is a vector group scheme over A9. ThenA9
;   ..   ..   .. w xH ª u p H . But u p H , u p H Lib , and hence H ,A9 A9 A9 A9
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  ..u p H . For the second isomorphism, first there exists a natural mor-
  ..phism N ª p u N . After some faithfully flat extension of A, it becomes
;   ..an isomorphism, so N ª p u N . This proves our claim. The rest of the
argument for this proposition is trivial.
w xPROPOSITION 1.3. Let A be an F-ring. Suppose that M is an A F -module
pyn pyn w xs.t. locally A m M is a free A F -module of finite rank for someA
n g N. Then:
1. M, as an A-module, is projecti¨ e and
 n.  . n w x2. t : A, f m M ª M, t a m m s aF m is an injecti¨ e A F -n A n
linear map, where f : A ª A is the Frobenius map of A.
 .Proof. 1 Obvious.
 .2 We only need check that t is injective. Let K s Fr A and T s ker t .n n
Then
K m T s ker id m t : K m A , f n m M ª K m M . .A K n A A A
i.e.,
K m T s ker tX : K , f n m K m M ª K m M . . .A n K K A A
X  . n . n nwhere t k m 1 m m s kF 1 m m s k m F m and f : K ª K is in-n K
n w xduced from f . So K m T s 0 KMT . Note that T is a submodule ofA
 n.A, f m M that is a projective A-module. Then T is a submodule of
some free A-module. Hence K m T s 0 implies that T s 0.A
PROPOSITION 1.4. In Proposition 1.3, if A p
yn m M is locally a freeA
pyn w x w nx w x  n:A F -module of rank m, then MrM is a projecti¨ e A F r F -module
w nx  .of rank m, where M s im t .n
Proof. For any t G 1, we have an exact sequence
0 ª M w t x ª M ª MrM w t x ª 0.
Then for any s G 1, we get the following commutative diagram with an
exact row:
6 s w t x 6 s 6 s w t x 60 A , f m M A , f m M A , f m MrM 0. .  .  .  .A A A
6
X
6
w xtsA , f m M . .A
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Taking s s n, t s 1, we know that
A , f n m MrM w1x .  .A
 w x  :. w1xis a locally free A s A F r F -module of rank m. Hence mrM is a
projective A-module of rank m. We claim MrM w nx is a finitely generated
w x  n:A F r F -module. Indeed, since
;yn yn ynp w nx p p w nxA m MrM ª A m M r A m M .  .  .A A A
w xyn yn np ps A m M r A m M .  .A A
pyn  pyn .  pyn .w nxas A -modules and A m M r A m M is a locally freeA A
A p
yn
-module of rank mn, then MrM w nx is a projective A-module of rank
mn. So MrM w nx is a finitely generated A-module and hence a finitely
w x  n:generated A F r F -module. Without loss of generality, we may assume
w1x  :  n:that MrM is a free A-module of rank m. Since F r F is a
w x  n: w nxnilpotent ideal of A F r F , by Nakayama's lemma, MrM is gener-
w x  n:ated by m elements as an A F r F -module. Therefore, we have an
w x  n:exact sequence of A F r F -modules
0 ª T ª X ª MrM w nx ª 0,
w x  n:where X is a free A F r F -module of rank m. From the condition that
A is a domain and
rank X s mn s rank MrM w nx , .A A
w nx w x  n:we know that T s 0. So MrM is a free A F r F -module of
rank m.
w xBy the same argument as that of Lib, Propositions 3.18 and 3.20 , we
obtain the following result:
w xTHEOREM 1.5. Let A be an F-ring, M be an A F -module, and n g N.
pyn pyn w xThen locally A m M is a free A F -module of finite rank iff for someA
m g N locally there exists
r w xA s A q A F q ??? qA F g M A F , .0 1 r m
where
A g GL A , A g M A i s 1, . . . , r s.t . .  .  .0 m i m
m m
n :w x w xM s A F x [ A F y r F Y y AX ,[ [i i /  /is1 is1
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where
t tX s x , . . . , x and Y s y , . . . , y .  .1 m 1 m
 n :are column ¨ectors and F Y y AX indicates the submodule generated by
the entries in the column ¨ector F nY y AX.
COROLLARY 1.6. Let A be an F-ring, G be a group scheme o¨er A, and
n g N. Then locally G py n is isomorphic to the m-dimensional ¨ector groupA
scheme iff locally, G is a subgroup scheme of G2 m with ideal generated bya , A
u , . . . , u , where1 m
u y x1 1 1
. . .n. . .s F y A. . . 0  0  0u y xm m m
 .for some pair n, A described in Theorem 1.5.
w xDEFINITION 1.7 KMT . Let K be a field of char s p and G be a form
of the additive group scheme over K. We define the height of G, written
 . yn ynp pas ht G , to be the smallest integer n s.t. G , G .K a , K
THEOREM 1.8. Let A be an F-ring with K s Fr A and G be a form of the
additi¨ e group scheme o¨er A. Then:
1. G s G iff there exists a projecti¨ e A-module I of rank 1 s.t.K a , K
 .  .o G s Symm I , the symmetric algebra of I o¨er A with comultiplicityA
m ¬ m m 1 q 1 m m for m g I; and
2. the height of G is a positi¨ e number n iff G can be expressed locallyK
2 w xas a closed subgroup scheme of G s Spec A x, y with ideal generated bya , A
an equation
y p
n s x q a x p q ??? qa x p r ,1 r
where a , . . . , a g A with some a f A p.1 r i
 . w x  .  . ynpProof. 1 has been proved in WatWei . We prove 2 . By 1 , G ,K
yn yn yn w xp p pG iff locally G , G . By Corollary 1.6 and KMT ,a , K A a , A
we win.
THEOREM 1.9. Let A be an FP-ring and G be a form of the additi¨ e group
scheme o¨er A. Then either G s G or G can be expressed as a closeda , A
2 w xsubgroup scheme of G s Spec A x, y with ideal generated by an equationa , A
y p
n s x q a x p q ??? qa x p r ,1 r
where a , . . . , a g A with some a f A p.1 r i
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 .  .Proof. Let ht G s n, where K s Fr A. By Theorem 1.8, o G sK
yn  . pynpSymm I for some projective A -module I of rank 1 with I :A
 yn . pyn yn ynp p pp G . Since Pic A s 0, then I is free, and so G s G .A A a , A
pyn  . pyn w x  .Hence, A m p G is a free A F -module of rank 1. Set p G s M.A
By the same argument as in the proof of Proposition 1.4, first we know
that MrM w1x is a projective A-module of rank 1, hence a free module of
rank 1. This means that MrM w1x can be generated by one element. Then
w nx w x  n:we know that MrM is a free A F r F -module of rank 1. Applying
w x wthe proof of Lib, Proposition 3.18 to our situation and by Lib, Proposi-
xtion 3.20 , we know that
; n r :w x w xM ª A F x m A F yr F y y 1 q a F q ??? qa F x .1 r
w x pas an A F -module, where a , . . . , a g A with some a f A . This implies1 r i
our statement.
2. THE FORMS OF W WHERE n ) 1 AND THE FORMSn
OF THE W`
DEFINITION 2.1. Suppose that A is a commutative ring containing F .p
w x  .1. Let W s Spec A x , . . . , x . We call x , . . . , x a system ofn, A 1 n 1 n
standard coordinates of W providedn, A
w x w xo n : A x , . . . , x ª A x , . . . , x m f , A .  .W 1 n 1 n An , A
is given by
x ¬ 0, x ¬ x m 1, . . . , x ¬ x m 1.1 2 1 n ny1
 .2. Let x , . . . , x be a system of standard coordinates of W for1 m m , A
m s 1, n, and n q 1. We denote by e the following exact sequence ofnq1
group schemes over A:
t r
0 ª G ª W ª W ª 0,a , A nq1, A n , A
where
o t x s x , o t x s 0 for i - n q 1 .  .  .  .nq1 1 i
and
o r x s x for j s 1, . . . , n. .  .j j
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LEMMA 2.2. Let A be an integral domain containing F . Thenp
Ext W , , G .A -comm n A a , A
 . w xwhere comm indicates commutati¨ e is a free A F -module with the basis
 .e .nq1
w x wProof. The statement is correct for the case that n s 1 Laz , CemGab,
x.Chap. II, Sect. 3 . From
t r
e : 0 ª G ª W ª W ª 0,nq1 a , A nq1, A n , A
we have the long exact sequence
d
??? ª Hom G , G ª Ext W , G .  .A a , A a , A A -comm n , A a , A
f g
ª Ext W , G ª Ext G , G . .  .A -comm nq1, A a , A A -comm a , A a , A
By induction on n, d is an isomorphism, and then g is an injection. But
from
Ga , A
t
66 6 6 6
e : 0 G W W 0nq2 a , A nq2, A nq1, A
we obtain
6 6 6 6
e : 0 G W G 02 a , A 2, A a , A
6 6
t
6 6 6 6
G0e : W W 0,a , Anq2 nq2, A nq1, A
 .i.e., g e s e ; hence g is an isomorphism. This proves our state-nq2 2
ment.
PROPOSITION 2.3. Let a be a commutati¨ e ring containing F and let G bep
a group scheme o¨er A. If G is a form of W , then there exists a uniquen, A
composition series
0 s G - G - ??? - G s G0 1 n
such that:
 .1. G rG is a form of G i s 1, . . . , n ;i iy1 a , A
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 . p.2. the Verschiebung morphism of GrG , n : GrG ª GrG , hasi G r G i ii
the factorization
t .  .p p6GrG GrG .  .i iq1
6
nGr G Xi
6
e6 G rGGrG ny1 ii
for i s 0, . . . , n y 2, where t is the natural projection and e is the natural
injection; and
 . p.3. G rG , G , where i s 1, . . . , n y 1, pro¨ided that GrGi iy1 a , A ny1
, G .a , A
 .  .Proof. We first consider items 1 and 2 . For the case that G s W ,n, A
w x w x.the result is well known Dem and DemGab . For the general case, we
let B be a faithfully flat algebra extension of A s.t. G s W . WriteB n, B
w x  .W s Spec B x , . . . , x , where x , . . . , x is a system of standard coor-n, B 1 n 1 n
 . w x   ..dinates of W ; hence p W s B F x . Let h: G ª u p G by then, B n, B 1
   ...natural morphism and G s ker G ª u p G . Then we have an exactny1
sequence of group schemes over A:
h
0 ª G ª G ª u p G . . .ny1
Note that
w xG s Spec B x , . . . , xB 1 n
 w x.and by Li
w xu p G s u p G s u p G s Spec B x , G . .  .  . .  .  .BB B 1 a , B
Then h is faithfully flat; so is h. This means thatB
h
0 ª G ª G ª u p G ª 0 . .ny1
 .is an exact sequence of group schemes over A and G , W . Byny1 B ny1, B
 .  .the induction on n, we have proved 1 . For 2 , we only need to consider
the case that i s 0. First we have the following commutative diagram with
exact rows:
 .p p.  p.6 6 6 60 G G 0GrG .1 1
66
6
nnns0
6 6 6 6
G0 G GrG 0.1 1
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Since the Verschiebung morphism of G is zero, then we have a unique1
factorization in the above diagram:
 .ph: GrG ª G. .1
Let A ª B be a faithfully flat extension of A s.t. G s W . Then by theB n, B
base change of A to B, the above diagram becomes
6  p. 6  p. 6  p. 60 G W W 0a , B n , B ny1, B
6 66
nns0
6 6 6 6
G0 W W 0.a , B n , B ny1, B
 p.  . p.Under h , W is a subgroup of W . Hence under h, GrG is aB ny1, B n, B 1
subgroup of G. Note that
 .p0 ª GrG ª G ª Spec B p G ª 0 .  .1 B BB
w  .x  .is exact, where B p G indicates the subalgebra of o G generated byB B
 . w xp G . But in our situation, we have LibB
B p G s B p G s A p G m B. .  .  .BB A
Therefore, we obtain the exact sequence
 .p0 ª GrG ª G ª Spec A p G ª 0. .  .1
 . p.This means GrG , G .1 ny1
 .To prove 3 , by induction on n, it suffices to consider the case n s 2.
 .But taking n s 2 in 2 , we have G , GrG , i.e., G , G .1 1 1 a , A
THEOREM 2.4. Let A be an integral domain containing F and let G o¨erp
A be a form of W . Then the following two conditions are equi¨ alent:n, A
1. G s W .n, A
2. There exists a composition series of G,
0 - G - ??? - G s G,1 n
whose quotients are isomorphic to G . If we further assume that A is ana , A
FP-ring, then the abo¨e conditions are equi¨ alent to:
n3. G s A .A
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 .  .Proof. We only need to prove that 2 « 1 and under the assumption
 .  .that A is an FP-ring, 3 « 2 .
 .  .2 « 1 : Let
0 - G - ??? - G s G1 n
be a composition series whose quotients are isomorphic to G . Bya , A
induction on n, we can assume that GrG is isomorphic to W .1 ny1, A
w xWrite G s Spec A y , where y is a primitive element of G and GrG s1 1
w x  .Spec A x , . . . , x , where x , . . . , x is a system of standard coordi-1 ny1 1 ny1
nates of GrG . Then we have the exact sequence of group schemes1
over A
s t
e : 0 ª G ª G ª GrG ª 0,1 1
where
w xG s Spec A x , . . . , x , y ,1 ny1
o s y s y , o s x s 0, i s 1, . . . , n y 1, .  .  .  .i
and
o t x s x , j s 1, . . . , n y 1. .  .j j
By Lemma 2.2, we may construct the commutative diagram with exact rows
6 6 6 6w xe : 0 G sSpec A x W W 0n a , A n , A ny1, A
6 6
g t
6 6 6 6w xe : 0 G sSpec A y G W 0,a , A ny1, A
 . .  . w xwhere o g y s g x is some p-polynomial in A x and
o t x s x , i s 1, . . . , n y 1, and o t y s x . .  .  .  .i i n
From the Verschiebung morphism of W we know that the Ver-n, A
schiebung morphism of G, n , isG
w x w xo n : A x , . . . , x , y ª A x , . . . , x , y m f , A , .  .G 1 ny1 1 ny1 A
o n x s 0, o n x s x m 1 .  .  .  .G 1 G i iy1
for i s 1, . . . , n y 1 and o n y s g x m 1. .  .  .G ny1
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By Proposition 2.3,
w xA x , . . . , x m f , A s A x , . . . , x , g x m f , A . .  .  .1 ny1 A 1 ny2 ny1 A
Then,
w xA x , . . . , x s A x , . . . , x , g x . .1 ny1 1 ny2 ny1
 .Since A is an integral domain, this implies that g x s ax for someny1 ny1
a g A*. Hence g is an isomorphism. Therefore G , W .n, A
 .  .The proof of 3 « 2 : Since G is a form of W , by Proposition 2.3,n, A
there exists a composition series
0 - G - ??? - G s G1 n
n  .s.t. G rG is a form of G . If G s A , GrG , G , where1 iy1 a , A A ny1 K a , K
w x  .K s Fr A DemGab . By our assumption that A is an FP-ring, GrGny1 A
 w x.  ., G Theorem 1.9; WatWei . By Proposition 2.3 3 , we obtain condi-a , A
 .tion 2 .
Remark 1. It seems to us, in the above result, the assumption that `` A
is an FP-ring'' is unnecessary.
Remark 2. Let G and G be group schemes over a field k and1 2
nG , G , A . Suppose that G and G are forms of each other. We1 2 k 1 2
conjecture that G , G . In another paper we will study this problem in1 2
the following cases:
1. G is an extension of two vector group schemes.i
 .ny12. char k / 0 and n / 0.G i
THEOREM 2.5. Let A be an F-ring and G be a group scheme o¨er A. Then
G is a form of W iff locally G py m , W py m for some m g N. If wen, A A n, A
further assume that A is an FP-ring, then G is a form of W iff G py m ,n, A A
W py m for some m g N.n, A
Proof. We only need to prove the necessity for the first part.
Let G be a form of W and 0 - G - ??? - G s G be a composi-n, A 1 n
 . tion series of G s.t. G rG is a form of G i s 1, . . . , n Propositioni iy1 a , A
.2.3 . By Theorem 1.8, there exists a positive number m s.t. locally
 . ym ym ym  . ym ymp p p p pGrG s G , that is, G r G s G . By Theo-ny1 A a , A A ny1 A a , A
 . ym  . ym ym ymp p p prem 2.4, locally all G r G s G . Then locally G ,i A iy1 A a , A A
ympW .n, A
DEFINITION 2.6. Let A be an F-ring with K s Fr A. Suppose that
w  .xG s Spec B is a form of W . Then the subalgebra of B , K p B ,n, A K
 . w  .xgenerated by p B is a Hopf algebra over K and Spec K p B is a form
w  .xof G . We define the height of Spec K p B as the height of G anda , K
 .write it as ht G .
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From the results above, we obtain:
COROLLARY 2.7. Let A be an FP-ring and G be a form of W withn, A
 . ym ymp pht G s m ) 0. Then m is the smallest integer s.t. G , W .A n, A
Now we consider the converse of Proposition 2.3 and characterize the
forms of W for some kinds of A.n, A
THEOREM 2.8. Let A be an F-ring and let G be a group scheme o¨er A.
Then G is a form of W iff there exists a unique composition seriesn, A
0 s G - G - ??? - G s G0 1 n
such that:
 .1. G rG is a form of G i s 1, . . . , n andi iy1 a , A
 . p.2. the Verschiebung morphism of GrG , n : GrG ª GrG , hasi G r G i ii
the factorization
t .  .p p6GrG GrG .  .i iq1
6
nGr G Xi
6
e6 G rGGrG ny1 ii
for i s 0, . . . , n y 2, where t is the natural projection and e is the natural
injection.
Proof. We prove the sufficiency by induction on n, and so we may
assume that GrG is a form of W , . Then there exists an integer m s.t.1 ny1 A
 . ym ym ym  .p p pGrG is locally W and G is locally G Theorem 2.5 .1 A ny1, A 1 a , A
Let
u
ym ymp pSpec A s Spec A , where a g AD a ii
is1
and for each i,
pym ym p
ym w xpG , G s Spec A y , .  .A  /1 a , A aa a ii i
pym ym p
ym w xpGrG , W s Spec A x , . . . , x , .  .A  /1 ny1, A a 1 ny1a a ii i
where y, x , . . . , x are indeterminates. Then we might write1 ny1
ym p
ym w xpG s Spec A x , . . . , x , y / A . a 1 ny1a ii
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and have the exact sequence
pym w x pym w xe : 0 ª Spec A y ª Spec A x , . . . , x , y /  /i a a 1 ny1i i
pym w xª Spec A x , . . . , x ª 0. /a 1 ny1i
 .  .By Lemma 2.2, for each i, e s h F e for some h F s c q c Fi i n i 0, i 1, i
l i p
ym w x  . p p liq ??? qc F g A F . Write g y s c y q c y q ??? qc y .l , i a i 0, i 1, i l , ii i i
Then we obtain the following commutative diagram for each i:
pym 6 pymym ymw x w xp pG s Spec A y W s Spec A x , . . . , x , y /  /a , A a n , A a 1 ny1a i a ii i
66
t di i
ym ymp p6ym ymw x w xp pG s Spec A y G s Spec A x , . . . , x , y , /  /a , A a  A . a 1 ny1a i a ii i
where
o t y s g y , .  .  .i i
o d x s x , j s 1, . . . , n y 1, .  .i j j
o d y s g y . .  .  .i i
Note that the Verschiebung morphism of W is given byn
x ¬ 0, x ¬ x m 1, . . . ,1 2 1
x ¬ x m 1, y ¬ x m 1.ny1 ny2 ny1
Then the Verschiebung morphism of G py m is given by A .ai
x ¬ 0, x ¬ x m 1, . . . ,1 2 1
x ¬ x m 1, y ¬ g x m 1. .ny1 ny2 i ny1
But by our hypothesis,
ym ymp p w xA x , . . . , x , g x s A x , . . . , x , x . . /  /a 1 ny2 i ny1 a 1 ny2 ny1i i
 pym .  .Since A is an integral domain, then g x s b x for somea i ny1 i ny1i
 pym . ympb g A *. This implies that t is an automorphism of G and soi a i a, Ai ai
G py m , W py m , i s 1, . . . , u.A n , Aa ai i
This means that G is a form of W .n, A
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COROLLARY 2.9. Let k be a field of char s p and let G be a form of
W . Then under one of the following conditions, G , W :n, k n, k
1. G , W for some separable field extension l of k.l n, l
2. k is a perfect field.
Proof. Let 0 - G - ??? - G s G be a composition series s.t.1 n
 .G rG is a form of G i s 1, . . . , n . Then under either condition,i iy1 a , k
G rG , G . By Theorem 2.4, G , W .i iy1 a , k n, k
COROLLARY 2.10. Let k be a field of char s p and let G be a form of
W . Then there exists a purely inseparable finite field extension l of k s.t.n, k
G , W .l n, l
COROLLARY 2.11. Let A be an FP-ring with K s Fr A and let G be a
w  .xform of W . We denote by m the height of Spec K p G . Then m is the`, A
smallest number s.t. G py m , W py m and for any l G m, we ha¨e theA `, A
following exact sequence of group schemes o¨er A:
0 ª W ª G ª G ª 0,` , A l
where G is a form of W of height m.l l, A
Proof. Let B be a faithfully flat algebra extension of A s.t. G , W .B `, B
For n g N we denote by n n the nth Verschiebung morphism of G. SinceG
coker n n exists, then coker n n exists. Write N s coker n n. Then we haveG G n GB
the following commutative diagram with exact rows:
n nq1Gnq 1 p . 6 6 6G G N 0nq1
66
n p . gn nq1, nG
nnGn p . 6 6 6G G N 0.n
 .  .  .Then N , W , N , W , and g is the projectionnq1 B nq1, B n B n, B nq1, n B
from W to W . Fromnq1, B n, B
lim N s lim N s lim W s W , .  .nq1 nq1 nq1, B ` , BB B¤g ¤ ¤nq1, n g .nq1 , n B
we conclude that
G , lim N .nq1¤gnq1, n
 .  .Note that p G s p N for any n g N. So the height of N is indepen-n n
 .  . ym ymp pdent of n. Set m s ht N . By Corollary 2.7, N s W forn n A n, A
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n g N. Hence
G py m s lim N ym s W py m .p .A nq1 ` , AA¤g nq1, n
Obviously, this m is the smallest one s.t. G py m s W py m.A `, A
Note that for any l ) m y 1,
n lGl p .@ : 0 ª G ª G ª N ª 0 . l
is an exact sequence of group schemes over A, and by the above G p
l . ,
W and N is a form of W . So we obtain the proof of the second`, A l l, A
part.
Because of Corollary 2.11, we could extend the concept ``height'' to the
forms of W . That is`
DEFINITION 2.12. Let A be an F-ring with K s Fr A. Suppose that
G s Spec B is a form of some Witt group scheme. Then the subalgebra
w  .x  .of B , K p B , generated by p B is a Hopf algebra over K andK
w  .x w  .xSpec K p B is a form of G . We define the height of Spec K p B asa , K
 .the height of G and write it as ht G .
COROLLARY 2.13. Let A be a discrete ¨aluation ring of char s p with a
perfect residue field k and let G be a group scheme o¨er A. If G is a form of
 .  .W resp. W , then G is already W resp. W .n, A `, A n, A `, A
3. THE MODELS OF WITT GROUP SCHEMES
In this short section, we study the models of Witt group schemes. Let A
be a discrete valuation ring of char s p. We denote its fraction field and
residue field by K and k, respectively.
THEOREM 3.1. Let G be a smooth group scheme o¨er A. If G , WK n, K
and G , W , then G , W .k n, k n, A
Proof. Let H be the unique subgroup scheme of G that is isomor-1 K
w xphic to G and let G be the schematic closure of H in G Sim . Bya , K 1 1
w x w xRay , the quotient GrG exists, and by Simb , it is affine. Denote it by1
 .G . Then G is smooth with connected fibers. This implies that dim G2 2 2 k
 .  .  .s dim G s n y 1. Hence G , W , G , W , and G ,2 K 2 k ny1, k 2 K ny1, K 1
G . By induction on n, G , W . Therefore, we obtain an exacta , A 2 ny1, A
sequence of group schemes over A:
0 ª G ª G ª W ª 0.a , A ny1, A
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 .Let x , . . . , x be a system of standard coordinates of W and1 ny1 ny1, A
w xG s Spec A y , where y is a primitive element of G . Then G sa , A a , A
w x  . .  .Spec A x , . . . , x , y with o n y s g x m 1 for some p-poly-1 ny1 G ny1
 .  .nomial g x . Since G , W , then g x s ax for some a g Any1 K n, K ny1 ny1
 .Theorem 2.8 . Note that G , W , by the same reason, the image of ak n, k
in k is nonzero. Hence a is invertible in A and G is a form of Wn, A
 . nTheorem 2.8 . But the underlying scheme of G is already A , so G , WA n, A
 .Theorem 2.4 .
COROLLARY 3.2. Let G be a smooth group scheme o¨er A. If G and GK k
are forms of finite dimensional Witt group schemes, then so is G o¨er A.
Proof. By Theorem 2.5, there exists a positive integer n s.t. both G py nK
and G py n are finite dimensional Witt group schemes over K p
yn
and k p
yn
,k
respectively. By Theorem 3.1, G py n is a finite dimensional Witt groupAynpscheme over A .
Remark 1. In the above results the restrictions on G are necessary.k
We give two examples below.
 .EXAMPLE 1. Let p be an uniformizer of A and let x , . . . , x be a1 n
system of standard coordinates of W , where n ) 1. Then G sn, A
y1 nw xSpec A p x , x , . . . , x is a group scheme with G , W and G s A .1 2 n K n, K A
But G ` W , since there are two primitive elements in G that arek n, k k
algebraically independent.
EXAMPLE 2. Let p be an uniformizer of A and a g A and f A p. We
define a group scheme G over A as
w xA ¨ , x , y
G s Spec ,p p / :y y x q ax .
where x and y are primitive elements and
py1 py11 a
j j pyj j j pyjD ¨ s ¨ m 1 q 1 m ¨ q C y m y q C x m x . .  p pp pjs1 js1
We will see in Section 4 that H is a form of W with height 1. Set2, A
 w x.  p  p.:   :.B s A ¨ , x, y r y y x q ax . Then H s Spec Br p , x, y is a
subgroup scheme of G that is isomorphic to G . The blow up of Gk a , k
H w xalong H, G , is still a group scheme over A WatWei . It is given by
H y1 y1G s Spec A ¨ , p x , p y ,
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w y1 y1 xwhere A ¨ , p x, p y indicates the sub-A-algebra of B m K generatedA
by ¨ , py1 x, and py1 y. It is easy to show that G H is a form of W ofK 2, K
height 1 and G H is a form of G2 of height 1.k a , k
Remark 2. Let G be a group scheme over A. We conjecture that:
1. G , W if G , W and G , W ;`, A K `, K k `, k
2. G is a form of W if G is a form of W and G is a form of`, A K `, K k
W .`, k
4. THE FORMS OF W AND THE FORMS OF WITT2
GROUP SCHEMES OF HEIGHT 1
The purpose of this section is to study some simple cases of forms of
Witt group schemes over an FP-ring.
Let A be a commutative ring containing F and let G s Spec B over Ap
w  .xbe a form of some Witt group scheme. Then the subalgebra of B, A p B ,
 . w  .xgenerated by p B is a Hopf algebra over A and H s Spec A p B is a
form of G . If we further assume that A is an FP-ring, then H py m ,a , A A
ym  .pG , where m is the height of G see Section 1 .a , A
For our convenience, we make the following definition.
DEFINITION 4.1. Let A be a commutative ring containing F and letp
G s Spec B over A be a form of some Witt group scheme. We say that G
w  .xis of type Spec A p B .
Let H be a form of the additive group scheme over A. By the discussion
in Section 2, we know that any form of W of type H is an extension of2, A
H by H  p.. Now we assume that A is an FP-ring. Because of Theorem 1.9,
w x we can use the same argument as that in KMT, 3.4.1 Theorem also see
w x.Lic, Theorem 2.1.4 to obtain the following exact sequence:
s p.  p.  p.0 ª Ext H , H ª Ext H , H ª End H ª 0, .  .  .ns0 comm
  p..where Ext H, H indicates the set of all extensions with zero Ver-ns0
schiebungs. Assume that
A : 0 ª H  p. ª T ª H ª 0
  p..  p.is an element in Ext H, H whose image under s is id . Then wecomm H
have
THEOREM 4.2. Let A be an FP-ring and let H be a form of the additi¨ e
group scheme o¨er A. Then the set of forms of W of type H is just2, A
G N 0 ª H  p. ª G ª H ª 0 g A q Ext H , H  p. . . 4ns0
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  p..   p..Proof. First we note that Ext H, H is a right End H -comm
  p..module in an obvious way and Ext H, H is its submodule. For anyns0
exact sequence of group schemes over A,
B: 0 ª H  p. ª G ª H ª 0,
 .  p.  .G is a form of W iff s B is an automorphism of H Theorem 2.8 .2
 .  .Set s B s a . Then s Aa s a , i.e., B s Aa q C for some C g
  p..   p..  y1 .Ext H, H . If a is invertible in End H , then B s A q Ca a .ns0
Hence the middle terms of both B and A q Cay1 are isomorphic. This
finishes our proof.
THEOREM 4.3. Let A be an FP-ring and let H be a form of the additi¨ e
group scheme o¨er A with height 1. Then there exists a unique form of W of2, A
2 w xtype H. We suppose that as a subgroup of G s Spec A x, y , H isa , A
expressed by the ideal generated by an equation
y p s x q a x p q ??? qa x p r ,1 r
p  .where a , . . . , a g A with some a f A Theorem 1.8 . Then this unique1 r i
group scheme G is gi¨ en as
w xA ¨ , x , y
G s Spec ,rp p p / :y y x q a x q ??? qa x .1 r
where x and y are primiti¨ e elements and
py11
j j pyjD ¨ s ¨ m 1 q 1 m ¨ y c y m y .  pp js1
py1r a j pyjiy1 iy1i j p pq C x m x , .  .  ppis1 js1
where C m indicates the number of combinations of m elements from a set of nn
elements.
Proof.
 .Claim 1. Ext G , G s 0. Letns0 a , A a , A
b : 0 ª G ª G ª G ª 0 . a , A a , A
 .  .  .  .be an element of Ext G , G . By Lemma 2.2, b s e g F forns0 a , A a , A 2
 . w x  .  .some g F g A F . But n s 0, then g F s 0, hence b s 0. ThisG
proves our Claim 1.
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 .Claim 2. Ext H, G s 0. To prove our Claim 2, we letns0 a , A
h
p : 0 ª G ª G ª H ª 0a , A
 . py1 be an element in Ext H, G . Set B s A . Then H , G Theo-ns0 a , A B a , B
. 2rem 1.9 . By Claim 1, G , G . This implies thatB a , B
 .p hB
0 ª p H ª p G ª p G ª 0 .  .  .B B a , B
w xis an exact sequence of B F -modules. That is to say that, after a faithfully
w xflat algebra extension of A, the sequence of A F -modules
 .p h
0 ª p H ª p G ª p G ª 0 .  .  .a , A
w xbecomes exact. Then it is already exact. Therefore, there exists an A F -
 .  .  .morphism g 9: p G ª p G s.t. g 9 ? p h s id . Since G is a forma , A p G .a , A2  .of G , there exists a unique morphism g : G ª G s.t. p g s g 9a , A a , A
 .and then h ? g s id Proposition 1.2 . This means p s 0 and soGa , A
 .Ext H, G s 0.ns0 a , A
By Claim 2 and Theorem 4.2, we get the proof of the uniqueness.
w x  .Now let W s Spec A ¨ , z , where z, ¨ is a system of standard2, A
 .  p.coordinates Definition 2.1 . Then for the G in the theorem, G , W ,2, A
 p p ry 1.where ¨ ¬ ¨ and z ¬ y y a q a x q ??? qa x . But obviously, G is1 2 r
pan extension of H by H . So G is a form of W of type H.2, A
THEOREM 4.4. Let A be an FP-ring and let H be a form of G of heighta , A
1. Then for each n g N, there exists at most one form of W of type H.nq1, A
Proof. Let W X be a form of W of type H. Then we have annq1 nq1, A
exact sequence of group schemes over A:
t rX Xe : 0 ª G ª W ª T ª 0.nq1 a , A nq1 n
We will prove the following statement that implies our original one:
X  X .W is the unique form of W of type H and Ext W , G is a freenq1 nq1, A n a , A
w x  X .right A F -module with the basis e .nq1
We prove this statement by induction on n.
 .For the case that n s 1, it has been proved see Theorems 4.2 and 4.3 .
Suppose that the statement is correct for n - k and consider the case that
n s k. By our hypothesis, T is the unique form of W of type H fori i
i - k q 1. We write W X for T . Fromi i
t rX X Xe : 0 ª G ª W ª W ª 0,k a , A k ky1
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we obtain the following long exact sequence of abstract groups:
d X
??? ª Hom G , G ª Ext W , G .  .A a , A a , A A -comm ky1 a , A
gh Xª Ext W , G ª Ext G , G . .  .A -comm k a , A A -comm a , A a , A
By induction, d is an isomorphism; then g is an injection. It is easy to see
w xthat g is a right A F -map.
 X .Now let g e s t . This means that we obtain the following commu-kq1
tative diagram of group schemes over A with exact row:
6 6 6 6
t : 0 G X G 0a , A a , A
6 6
t
X X X6 6 6 6e : 0 G W W 0.kq1 a , A kq1 k
 X . y1 y1  X. y1 y1 y1p p p p pNote that W , W and W , W . Then X ,kq1 A kq1, A k A k , A A
2y1  .  .pW . But X s A , then X , W Theorem 2.4 . So t is a basis of2, A A 2, A
 .  X .  X .Ext G , G and hence e is a basis of Ext W , G .A -comm a , A a , A kq1 A -comm k a , A
If W Y is another form of W of type H, then by repeating the abovekq1 kq1, A
 Y .argument, we have another basis e , wherekq1
t rY Y Xe : 0 ª G ª W ª W ª 0.kq1 a , A kq1 k
This means eY s eX a for some invertible element a g A. Hencekq1 kq1
Y XW , W .kq1 kq1
COROLLARY 4.5. Let A be an FP-ring and let H be a form of G ofa , A
height 1. Then the following are equi¨ alent:
1. For each n g N, there exists a form of W of type H;n, A
2. there exists a form of W of type H; and`, A
3. there exists a unique form of W of type H.`, A
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